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We discuss the sign change of superconducting order parameters in both real and reciprocal spaces when the
odd parity spin singlet pairing proposed recently in1 is allowed. We show that in this case an nodeless anti-
phase s± can be generated. In a 2-Fe Brilliouin zone (BZ), sign change exists between two hole pockets and
between two electron pockets. In a 1-Fe BZ which includes two 2-Fe BZs, the sign change is between two 2-Fe
BZs, which leads to a d-wave type sign distribution on the electron pockets, namely, an anti-phase s± state with
no symmetry protected gapless node on the electron pockets. This sign change character consistently explains
experimental results related to sign change properties measured on both iron-pnictides and iron-chalcogenides.
I. INTRODUCTION
The d-wave pairing symmetry in high Tc superconductors2,
cuprates, is a unique symmetry character to distinguish the
cuprates from conventional s-wave superconductors. The d-
wave superconducting state exhibits symmetry protected sign
change and nodes on Fermi surfaces and has strong implica-
tion to high Tc mechanism.
Is a sign-changed superconducting order a necessity for
high Tc? The discovery of iron-based superconductors3–5 in
2008 provided an opportunity to find out the answer. In the
past five years, there were strong experimental evidence for
the existence of the sign change. Similar to cuprates, magnetic
resonance modes, which imply a sign change between two
Fermi surfaces linked by resonance wavevectors, were ob-
served in both iron-pnictides6–13 and iron-chalcogenides14–16.
No noticeable coherent peak, i.e. the Hebel-Slichter peak, was
observed in spin relaxation rate, 1T1T
17–22 measured by NMR.
The magnetic field dependence of the impurity scattering pat-
tern measured by STM in FeS exTe1−x also suggests a sign
change23. Finally, half-integer flux was observed in phase-
sensitive junction loops constructed by composite niobium-
NdFeAsO24. However, in most materials near optimal dop-
ing, the superconducting gap structure remains fully gapped25.
Theoretical studies in the past focused on the s±-pairing
symmetry which is characterized by the sign change of su-
perconducting order parameters between hole pockets at Γ
and electron pockets at M in reciprocal space25–36. While
the s±-pairing symmetry was successful in explaining some
sign change properties of iron-pnictides, it faces several severe
challenges. First, the s± state belongs to A1g irreducible rep-
resentation. Unlike the d-wave in cuprates, the sign change in
the s± state is not symmetry protected, which fails to explain
the absence of the Hebel-Slichter peak in a clean sample25,37.
Second, the s± state fails to explain the resonance mode
observed in iron-chalcogenides15. Finally, the sign change
predicted for an in-plane corner junction was not observed
yet38–40.
In this paper, we present a clear picture of the sign change
when the odd parity spin singlet pairing is added1. We show
that with the odd parity pairing an nodeless anti-phase s±
can be generated to overcome all the above challenges. The
sign change on different Fermi surfaces naturally explains sign
change related experimental results in both iron-pnictides and
iron-chalcogenides. The main results are shown in Fig.1 in
which the sign distribution in the state is shown in Fig.1(a,b)
and as a comparison, the sign distribution in the d-wave of the
cuprates(see Fig.1(c)) and the normal s± state (see Fig.1(d))
are also plotted. In the Brillouin zone(BZ) of a 2-Fe unit
cell(2UC) (see Fig.1(b)), there are sign changes between hole
pockets at Γ and electron pockets at M, as well as sign changes
between two hole pockets or two electron pockets. Viewed in
the BZ of a 1-Fe unit cell(1UC) which includes two BZs of
2UC, the sign changes are essentially between the two BZs
(see Fig.1(a)). The sign distribution on the electron pockets
at M is a d-wave type but without symmetry protected gap-
less nodes because of the mixture of the η pairing, namely, the
odd parity pairing. Microscopic mechanism related to the sign
change is discussed.
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FIG. 1: (Color Online) Sign change of superconducting order param-
eters in reciprocal space (sign difference is indicated by blue and red
colors): (a) the anti-phase s± state viewed in the BZ of 1-Fe unit cell;
(b) the anti-phase s± state viewed in the BZ of a 2-Fe unit cell (note:
the 2-Fe BZ is obtained by a combination of the 1-Fe BZ with a (pi, pi)
shifted 1-Fe Bz.); (c) the d-wave state in cuprates; (d) the s±-pairing
symmetry (even parity).
ar
X
iv
:1
30
5.
50
34
v2
  [
co
nd
-m
at.
su
pr
-co
n]
  4
 Fe
b 2
01
4
2II. MEANFIELD HAMILTONIAN
We briefly review the odd parity pairing proposed in1. In
a single FeAs(Se) layer structure, a unit cell of the lattice
includes 2-Fe and 2-As(Se) atoms. The space group, which
is non-symmorphic, can be written as a product of D2d ⊗ Z2
where D2d is a point group defined at Fe sites and Z2 includes
the space inversion which is defined with respect to the center
of the nearest neighbor (NN) Fe-Fe link (see Fig.2). Because
the space inversion center does not locate at Fe sites, Pauli ex-
clusion principle does not place a constraint on the parity of
superconducting pairing order parameters. A parity odd spin
singlet pairing can naturally exist in iron-based superconduc-
tors. In an effective model with 1UC, we must divide the iron
square lattice into two sublattices. It has been argued that an
state with a combination of an uniform inter-sublattice pairing
and an η-pairing, which is an intra-sublattice pairing with op-
posite sign between two sublattices becomes a natural choice.
Strictly speaking, the uniform pairing part in an effective d or-
bital model is classified as even parity spin singlet pairing. A
real space picture of the odd pairing pairing is shown in Fig.2.
In the real space, the odd pairing pairing term has a s-wave
symmetry at Fe sites but exhibits a d-wave symmetry at the
center of an iron square.
Meanfield Hamiltonian and Sign Change The meanfield
Hamiltonian for the state proposed in1 in an effective d-orbital
model with 1UC can be generally written as
Hˆ = Hˆ0 +
∑
α,β,k
(∆n,αβ∆ˆαβ,n(~k) + ∆η,αβ∆ˆαβ,η(~k) + h.c.) (1)
where α, β label d-orbital characters, Hˆ0 is the effective band
structure which has been constructed in27,29,41–43 and
∆ˆn,αβ = dˆα↑(~k)dˆβ↓(−~k) − dˆα↓(~k)dˆβ↑(−~k) (2)
∆ˆη,αβ = dˆα↑(~k)dˆβ↓(−~k + Q) − dˆα↓(~k)dˆβ↑(−~k + Q). (3)
where Q = (pi, pi). In general, the normal and η pairing order
parameters satisfy
∆n,αβ(~k) = −∆n,αβ(~k + Q),∆η,αβ(~k) = ∆η,αβ(~k + Q). (4)
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FIG. 2: (Color online) A sketch of the odd parity pairing in the real
space: (a) the view of pairing with As/Se atoms and symmetry char-
acters with respect to different centers; (b) the view of pairing in an
effective iron square lattice. Different colors represent the different
signs of pairing.
The parity symmetry becomes more transparent if we con-
sider the model in 2UC. We divide the iron square lattice into
two sublattices, A and B. We label d-orbitals in each sublat-
tice by dˆA,Bβσ (~q) where ~q labels the momentum in the 2-Fe BZ.
The d-orbital operators in 1UC can be defined as
dˆβσ(~k) = dˆAβσ(~q) + dˆ
B
βσ(~q), dˆβσ(~k + Q) = dˆ
A
βσ(~q) − dˆBβσ(~q) (5)
with ~k = 12 (qx − qy, qx + qy) for dxz,yz orbitals and ~k + Q =
1
2 (qx − qy, qx + qy) for dxy, dx2−y2 and dz2 orbitals if we use a
natural gauge setting for the d-orbitals.
Now the pairing order parameters can be defined as
∆ˆabαβ(~q) = dˆ
a
α↑(~q)dˆ
b
β↓(−~q) − dˆaα↓(~q)dˆbβ↑(−~q), (6)
where a and b label sublattices. The Eq.4 can be specified as
∆AAαβ (~q) = −∆BBαβ (~q) = ∆η,αβ(~k),∆ABαβ (~q) = ∆BAαβ (~q) = ∆n,αβ(~k).(7)
The Hamiltonian in Eq. 1 in 2UC can be written as
Hˆ =
∑
~q
ψˆ+(~q)A(~q)ψˆ(~q) (8)
where
A(~q) =

(~q) γ(~q) ∆AA(~q) ∆AB(~q)
γ∗(~q) ∗(~q) ∆AB(~q) −∆AA(~q)
∆∗AA(~q) ∆∗AB(~q) −∗(~q) −γ∗(~q)
∆∗AB(~q) −∆∗AA(~q) −γ(~q) −(~q)
 (9)
is a 20 × 20 matrix if all five d-orbitals are used and
ψˆ(~q) = ({dˆA+α↑ (~q)}, {dˆB+α↑ (~q)}, {dˆAα↓(−~q)}, {dˆBα↓(−~q)}). As Hˆ0 must
be Hermitian and satisfies both space inversion and time re-
versal symmetry, the dispersion relations in above matrix
satisfy αβ(~q) = ∗βα(~q), αβ(−~q) = ∗αβ(~q) and γαβ(~q) =
γβα(~q) = γ∗αβ(−~q). If we use 1UC, the corresponding Hˆ0 =∑
α,β,~k Eαβ(~k)dˆ
+
ασ(~k)dˆβσ(~k) with Eαβ(~k) = αβ(~k) + γ˜
∗
α,β(~k).
γ˜∗α,β(~k) = −γ∗α,β(~k) when α and β are dxz,yz orbitals and oth-
erwise γ˜∗α,β(~k) = γ
∗
α,β(~k). It is also easy to see that αβ(~k) =
αβ(~k + Q) and γ˜α,β(~k) = −γ˜α,β(~k + Q).
We take a 5 orbital effective model to describe the band
structure27,29,41–43. We set the orbital index as 1 → dxz, 2 →
dyz, 3 → dx2−y2 , 4 → dxy, and 5 → dz2 . As discussed in1, this
state is in the A1 representation of D2d at iron sites in order
to avoid gapless nodes. In this case the inter-orbital pairings
can be ignored in both normal and η-pairing channels. As
the Fermi surfaces are dominated by t2g d-orbitals, the leading
order of normal pairing for dxz and dxy is given by
∆AB11 =
1
2
(∆N11,x cos
qx + qy
2
+ ∆N11,y cos
qx − qy
2
) (10)
∆AB44 = ∆
N
44(cos
qx
2
cos
qy
2
). (11)
The leading order of the η pairing or the intra-sublattice
pairing is given by
∆AAαα =
1
2
∆NNαα (cos qx + cos qy).
3In the presence of hole pockets at Γ point, the superconducting
gaps on the hole pockets are determined by the normal pair-
ing or the inter-sublattice pairing. Typically, in iron-pnictides,
there are three hole pockets at Γ point in the 2-iron BZ. Two
of them denoted as α and β pockets are mainly attributed to
dxz and dyz orbitals and the other denoted as γ pockets are
attributed to dxy orbitals. There are two electron pockets at
M points, which are denoted as λ and δ pockets. The orbital
characters on the electron pockets are mixed. We take seven
representative points on Fermi surfaces around Γ, M and M′
points as shown in Fig.3, one for each pocket ordered as 1 on
α (xz), 2 on β (yz), 3 on γ (xy), 4 on λ at M (xz+xy), 5 on δ
at M (xy+xz), 6 on λ at M′ (yz+xy) and 7 on δ at M′ (xy+yz)
where their orbital characters are specified in parenthesis with
the first one being the primary orbital character. One can eas-
ily check that the signs of superconducting order parameters
at these points, sign(∆i), are determined by normal pairing pa-
rameters. To see this, we take a simple case that ∆N11,x = ∆
N
11,y.
In this case, without the η pairing, the superconducting gap
vanishes along M − M′ directions. Therefore, there are nodes
on electron pockets if only normal pairing is present. With η
pairing, the η pairing creates interband pairing between two
degenerate bands along M − M′ and removes nodes. How-
ever, the interband pairing does not change the sign of order
parameters given by the normal pairing. This analysis is still
valid even if ∆N11,x , ∆
N
11,y.
Now, if we fix the amplitudes of the order parameters in
Eq.11, the superconducting gaps on Fermi surfaces are larger
if sign(∆N11,x) = −sign(∆N44) than if sign(∆N11,x) = sign(∆N44).
Therefore, to gain the maximum superconducting condensa-
tion energy, sign(∆N11,x) = −sign(∆N44). Namely, we have to
take opposite signs for the normal pairing for dxz,yz and dxy or-
bitals in Eq.11. These can be explicitly verified in numerical
calculations by taking a ten-orbital effective model as shown
Fig.3. Taking sign(∆N11,x) = −sign(∆N44), we obtain the sign
distribution at the representative points as
sign(∆1) = sign(∆2) = −sign(∆3) = −sign(∆4)
= sign(∆5) = −sign(∆6) = sign(∆7) (12)
which produces the sign distribution shown in Fig.1(b).
In fact, the above results can be analytically understood if
we consider 1UC. The above sign change is a generic con-
sequence of the band structure and the normal pairing form
factor in reciprocal space as the inter-sublattice pairing in real
space. In the BZ of 1UC, we have ∆Nαα(~k) = −∆Nαα(~k + Q) and
dˆxy(~k) is coupled to idˆxz,yz(~k + Q) in the band structure based
on the natural gauge setting. In order to maximize supercon-
ducting condensation energy, we must have sign(∆Nxy,xy(~k)) =
sign(∆Nxz,xz(~k)). The γ pocket is located at (pi, pi) rather than Γ
point in 1UC. Therefore, there is a sign change between the
hole pockets of dxz,yz and the hole pocket of dxy. In the 1-Fe
BZ, on the electron pockets at M or M′, the normal pairing
is d-wave like. The overall sign change is produced between
two BZs of 2UC as shown in Fig. 1(a).
We can show that the anti-phase phase s± captures all essen-
tial sign change features required to explain observed mag-
netic resonances. We can see that the state has similar sign
change feature between hole pockets and electron pockets as
the s± state which is shown in Fig.1(d). In fact, the state has an
intra-orbital sign change for each orbit between the hole pock-
ets at Γ and the electron pockets at M or M′. In the presence
of hole pockets, the state will result in a magnetic resonance
around (0, pi) and (pi, 0) wavevectors44, which has been almost
universally observed in iron-pnictides6–13 .
The normals± can not explain the intrinsic sign change
in 122 iron-chalcogenides where there is no hole pocket at
Γ45–47. In the anti-phase s± state, as shown in Fig.3, we can
see that the 4th (4’th) representative point on Fermi surfaces
around M and 7th (7’th) representative point at M′ have op-
posite superconducting sign. As we have specified earlier, the
orbital character of the 4th point is dxz + dxy and that of the
7’th point is dxy +dxz. The orbital character of the 4’th point is
dyz + dxy and that of the 7th point is dxy + dyz. The mixture be-
tween different orbitals becomes larger if the electron pocket
is larger. Therefore, we can conclude that the sign change ex-
ists within the same orbitals between the two electron pockets
near wave vector (pi, δ), where δ is determined by the size of
Fermi pockets. Thus, similar to a d-wave48, the anti-phase s±
state44 is consistent with the neutron observation of the mag-
netic resonance at (pi, pi/2) or (pi/2, pi)15.
The superconducting order parameters in the state also im-
ply a possible microscopic mechanism. If we take the assump-
tion that the superconducting pairing is related to antiferro-
magnetic exchange coupling, as shown in33–36, the s± pairing
state, which is an even parity state, is obtained from the next
NN antiferromagnetic exchange coupling J249. A decoupling
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FIG. 3: (Color online) (a) the Fermi surface of normal states for iron-
based superconductors obtained by modifying the model in29 with
1/2 = −0.0013, 4 = 0.2878 and a new chemical potential µ = −0.15
(kz dispersion is also ignored). The quasi-particle spectra in super-
conducting states is shown in (b) with only normal pairing and (d)
with both normal and η pairing. In (b), the black (deep) lines cor-
responds to ∆N11,x = ∆
N
11,x = −∆N44 = 0.1, and the red (light) lines
corresponds to ∆N11,x = ∆
N
11,x = ∆
N
44 = 0.1. In (d), the normal pairing
parameters are same as that in (b) except the non-zero η pairing pa-
rameters ∆NN11 = ∆
NN
22 = −∆NN44 = 0.05. (c) the signs of the pairing
along the Fermi surface are shown.
4of the J2 term in the pairing channel results in a coskxcosky
momentum dependence33. In this case, the NN AFM cou-
pling J1 actually competes with J233–36. If J2 is dominated,
the effect of J1 is completely suppressed. This is the rea-
son behind the argument for no sign changed s-wave in iron
chalcogenides without hole pockets35. Intuitively, the compet-
ing nature between these two terms can be understood from
the sign distribution of order parameters produced by the J1
and J2 terms. It is impossible for them to collaboratively en-
hance superconducting gaps on all Fermi surfaces, a principle
proposed recently in50.
However, the situation is different if we allow the odd par-
ity pairing. In the state proposed here, J1 and J2 terms do not
compete. In fact, they are collaborative since the J2 term con-
tributes to superconductivity in the η pairing channel while J1
is in the normal pairing channel. As shown in above analysis
as well as in Fig.3, the η pairing enhances superconducting
gaps on Fermi surfaces where superconducting gaps induced
by normal pairing from J1 are minimal. Considering the sign
change can minimize the cost of repulsive interaction in a su-
perconducting state, the anti-phae s± thus can be favored. A
more detailed study of the collaborative nature of J1 and J2
will be explored in future.
III. DISCUSSION AND SUMMARY
As discussed in1, the sign change with the odd parity pair-
ing in real space is characterized by the sign change between
top and bottom As(Se) layers. The sign distribution in re-
ciprocal space revealed here suggests that a pi-junction in the
a-b plane is almost impossible to be made. This is consistent
with the fact that sign change in a-b corner junctions was not
observed in single crystals. Combining the absence of sign
change in a-b plane and the fact that the half-integer flux was
observed24 is a multi-crystal, we actually can conclude that the
phase change must be generated along c-axis, a strong support
for the presence of the odd parity pairing.
An even parity state is translationally invariant with respect
to 1UC while an odd parity is not. This difference results
in a fundamental difference on superconductivity properties
related to electron pockets. In an even parity state, we can
essentially view electron pockets as one pocket while in this
new state, we must consider them as two electron pockets.
Therefore, in the absence of hole pockets, the new state can
still exhibit two gap features. The local density measured in
the single FeSe layer clearly exhibits a two-gap feature51.
The sign change revealed here without hole pockets is sim-
ilar to what has been called as an bonding-antibonding s±
state52. However, we want to make it clear that previous
proposals did not fundamentally understand the parity issue
as well as the nature of coexistence of both normal pairing
and η-pairing. Moreover, the bonding-antibonding s± state is
based on the assumption of the existence of strong hybridiza-
tion between two electron pockets as shown clearly in a mi-
croscopic model by53 in which the hybridization is described
by Hˆh = λ
∑
k cˆ+kσcˆk+Q,σ
53. Hˆh, however, generally violates
the parity conservation because the Fermionic operators, cˆkσ
and cˆk+Q,σ, have different parity quantum numbers. In order
to conserve parity, one must take λ ∝ sinkz in Hˆh. Thus, there
is no hybridization between two electron pockets with kz = 0
or pi. This hidden parity issue is an another demonstration of
the fundamental importance of the parity in constructing mod-
els and understanding physics for iron-based superconductors.
The odd parity pairing in52,53 is originated from a model with-
out parity conservations while here we suggest that the pair-
ing can be generated by the spontaneously symmetry broken
mechanism.
We also want to point out the sign change between hole
pockets from different orbitals was obtained in an exact di-
agonalization study of a four site problem34. In34, the au-
thors showed that there is an orbital-dependent sign change,
namely, the sign change between the intra-orbital pairings of
dxy and dxz,yz orbitals. If one uniformly extends the results of
the four site problem to the entire two dimensional plane, this
orbital-dependent sign change leads to a sign change between
the two hole pockets which are almost purely composed of dxy
and dxz,yz orbitals respectively. On the electron pockets, this
extension results in a large gap anisotropy or nodes since the
electron pockets are composed of both dxy and dxz,yz orbitals.
However, if we allow that the extension is only uniform with
respect to the 2-Fe unit cell and not uniform with respect to
the 1-Fe unit, the odd parity pairing will be included, which is
the exact case described in this paper, namely, a full gap anti-
phase s± can be generated. Without the odd parity pairing, the
full superconducting gap and the sign change on the electron
pockets can not be simultaneously realized.
The normal pairing for dxz and dyz is determined by two
independent parameters ∆N11,x and ∆
N
11,y. Under the assumption
that the superconductivity is induced by local AFM exchange
coupling, a large difference between these two parameters can
suggest the NN AFM coupling J1 is highly anisotropic for
each orbital. Therefore, a superconducting gap structure on
electron pockets which are characterized by highly mixture
of different orbitals may help to determine microscopic AFM
interactions.
In summary, we show an full gapped anti-phase s± can be
generated in the presence of the odd parity paring . The sign
change character of the state consistently explains experimen-
tal results related to sign change properties measured on both
iron-pnictides and iron-chalcogenides.
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